Hole spin relaxation in [001] strained asymmetric Si/Si0.7Ge0.3 (Ge/Si0.3Ge0.7) quantum wells is investigated in the situation with only the lowest hole subband being relevant. The effective Hamiltonian of the lowest hole subband is obtained by the subband Löwdin perturbation method in the framework of the six-band Luttinger k · p model, with sufficient basis functions included. The lowest hole subband in Si/SiGe quantum wells is light-hole like with the Rashba spin-orbit coupling term depending on momentum both linearly and cubically, while that in Ge/SiGe quantum wells is a heavy hole state with the Rashba spin-orbit coupling term depending on momentum only cubically. The hole spin relaxation is investigated by means of the fully microscopic kinetic spin Bloch equation approach, with all the relevant scatterings considered. It is found that the hole-phonon scattering is very weak, which makes the hole-hole Coulomb scattering become very important. The hole system in Si/SiGe quantum wells is generally in the strong scattering limit, while that in Ge/SiGe quantum wells can be in either the strong or the weak scattering limit. The Coulomb scattering leads to a peak in both the temperature and hole density dependences of spin relaxation time in Si/SiGe quantum wells, located around the crossover between the degenerate and nondegenerate regimes. Nevertheless, the Coulomb scattering leads to not only a peak but also a valley in the temperature dependence of spin relaxation time in Ge/SiGe quantum wells. The valley is actually due to the crossover from the weak to strong scattering limit. The hole-impurity scattering influences the spin relaxation effectively. In the strong (weak) scattering limit, the spin relaxation time increases (decreases) with increasing impurity density. The spin relaxation time is found to be on the order of 1∼100 ps (0.1∼10 ps) in Si/SiGe (Ge/SiGe) quantum wells, for the temperatures, carrier/impurity densities and gate voltages of our consideration.
I. INTRODUCTION
In recent years, great efforts have been devoted to the design/realization of spintronic devices, which employ the spin degree of freedom in traditional electronics for the sake of higher power efficiency, higher speed, and also greater functionality.
1,2,3 Among different kinds of hosts for such devices, Si appears to be a particularly promising one and attracts much attention, partly due to the high possibility of eliminating hyperfine couplings by isotopic purification and the well developed microfabrication technology. 4 In fact, the electron spin relaxation, which is necessary to be understood for the device design, has been widely investigated in Si materials during the last decade. The study on relaxation of electron spin qubit in Si quantum dot suggests that the relaxation rate can be strongly decreased by adding strain. 5 The electron spin relaxation in asymmetric n-type Si/SiGe quantum wells (QWs) has been investigated both theoretically 6 and experimentally. 7, 8 It is shown that the electron spin relaxation time can be quite long (on the order of 10 −7 ∼ 10 −5 s) 6, 7, 8 due to the weak Rashba spin-orbit coupling 9 (typically about three orders of magnitude smaller than that in QW structures based on III-V semiconductors 8 ). The electron spin transport/diffusion in bulk Si with a magnetic field perpendicular to both the directions of spin polarization and spin transport/diffusion has also been studied recently. 10 It is revealed that even in the absence of the traditional D'yakonov-Perel' (DP) relaxation mechanism, 11 there is an obvious spin relaxation along spin transport/diffusion, as predicted several years ago from a general QW model without any DP relaxation mechanism but with a magnetic field in the Voigt configuration. 12 That is also the case in the symmetric Si/SiGe QWs. 13 Although a broad interest has been taken in the electron spin relaxation in Si, to our knowledge, the hole spin relaxation has been rarely investigated so far. Glavin and Kim have calculated the spin relaxation of two-dimensional holes in strained asymmetric Si/SiGe (Ge/SiGe) QWs four years ago, 14 and obtained a spin relaxation time of several tens of picoseconds (several sub-picoseconds) in Si/SiGe (Ge/SiGe) QWs with large gate voltage (which induces an electric field at 50 ∼ 500 kV/cm) at room temperature. However, the results were obtained by means of the single-particle approximation, 15 therefore the effect of the carrier-carrier Coulomb scattering on spin relaxation, which has been revealed to be important in spin relaxation, 16, 17, 18, 19, 20, 21, 22 was not included. Besides, the nondegenerate perturbation method with only the lowest unperturbed subband of each hole state considered as basis function is utilized to calculate the subband energy spectrum and envelope functions in Ref. 14. However, as shown later in this paper, only considering the lowest unperturbed subband is inadequate in converging the calculation, but when more unperturbed subbands are included as basis functions, the nondegenerate perturbation method fails. This work is to perform a detailed investigation on hole spin relaxation in asymmetric Si/SiGe and Ge/SiGe QWs by means of the fully microscopic kinetic spin Bloch equation (KSBE) approach, 16 with all the relevant scatterings included. Meanwhile, we apply the exact diagonalization method to obtain the energy spectrum and envelope functions, with sufficient unperturbed subbands included. In the KSBE approach, the momentum-dependent spin precessions give rise to the inhomogeneous broadening, with which any scattering (including the Coulomb scattering) leads to an irreversible spin relaxation. 16 This approach has been successfully applied to study spin dynamics in quantum wire, 23, 24 QW 12, 13, 18, 25, 26, 27 and bulk 28 semiconductor structures. The current work reveals that the Coulomb scattering plays a much more important role in hole spin relaxation in Si/SiGe (Ge/SiGe) QWs. It leads to a peak in both the temperature and density dependences of spin relaxation time in Si/SiGe QWs, where holes are generally in the strong scattering limit. Nonetheless, it leads to not only a peak but also a valley in the temperature dependence of spin relaxation time in Ge/SiGe QWs, where with the change of temperature the holes in Ge/SiGe QWs can be in the either strong or weak scattering limit. Besides, the spin relaxation time can be effectively influenced by the hole-impurity scattering, which tends to weaken the effect of the Coulomb scattering mentioned above with the increase of impurity density.
This paper is organized as follows. In Sec. II the effective Hamiltonian of the lowest hole subband (we focus on the situations with only the lowest subband being relevant) in asymmetric Si/SiGe (Ge/SiGe) QWs is derived. In Sec. III the KSBEs are constructed and the hole spin relaxation in Si/SiGe (Ge/SiGe) QWs is investigated. Finally, we conclude in Sec. IV.
II. EFFECTIVE HAMILTONIAN
We start our investigation from the p-type ignored due to the large gate voltage (inducing an electric field ≥ 50 kV/cm) and wide well width, 14 the triangular potential approximation is adopted 14, 29, 30 and the well width then becomes irrelevant.
Based on the theory of Luttinger-Kohn 31,32 and BirPikus, 33 the valence-band structure of the strained QWs can be described by the 6×6 effective-mass 
Here
is the Luttinger Hamiltonian 31,32,33 with H (0) L corresponding to the part with k x,y = 0. H ǫ is the contribution due to the biaxial strain. 31, 32, 33, 35 V (z) is the confining potential and I 6 is the 6×6 unit matrix. The z-components of the subband envelope functions (the x-and y-components are plane waves) obtained by solving the eigen-equation
Here l, h and s represent the light hole (LH), heavy hole (HH), and split-off (SO) hole states, respectively, and n is the subband number. The solution of the envelope functions is stated in Appendix A.
The Löwdin partitioning 36 is performed upto second order in H (||) L on the basis constructed by Ψ λαn (λ=1, 2; α=h, l, s) to obtain the effective Hamiltonian of the lowest hole subband. 37 Due to the biaxial strain, 31, 32, 33, 35 the lowest subband in Si/SiGe QWs is a LH-like state (LH0), which is an admixture of LH and SO hole states, while that in Ge/SiGe QWs is a pure HH state (HH0). The effective Hamiltonian of the lowest hole subband in Si/SiGe (Ge/SiGe) QWs can be written as
where k is the in-plane momentum,
is the in-plane effective mass of the lowest light (heavy) hole subband in Si/SiGe (Ge/SiGe) QWs, σ are the Pauli matrices, and
is the Rashba term of the LH0 (HH0) subband in Si/SiGe (Ge/SiGe) QWs. Ω (l) has both the linear and cubic dependences on momentum, whereas Ω (h) has only the cubic dependence. For the LH0 subband in Si/SiGe QWs,
For the HH0 subband in Ge/SiGe QWs,
).
Here A, B and C are the valence band parameters, which relate to the Luttinger parameters (Table I ) γ 1 , γ 2 and
n (α=h, l, s) are the subband energy levels. λ (αβ)
. It is noted that in Ref. 14 the coefficients Π, Θ and Λ miss the pre-factor − 1 2 and meanwhile Π misses the summation over l (i.e., the contribution due to the higher LH subbands, which is in fact negligibly small). Unlike the work by Glavin and Kim 14 where the nondegenerate perturbation method with only the lowest unperturbed subband of each hole state being accounted [refer to Eqs. (3-9) in Ref. 14] is employed in obtaining the subband energy spectrum E (α) n and the envelope functions Ψ λαn , we apply the exact diagonalization method with sufficient unperturbed subbands [2 (20) for each hole state in Si/SiGe (Ge/ SiGe) QWs] for the sake of convergence. In fact, the calculation with only the lowest unperturbed subband of each hole state is inadequate for the convergence. Moreover, the calculation with more unperturbed subbands included may cause divergence as long as the nondegenerate perturbation method is utilized. When performing the subband Löwdin partition method 36 to obtain the effective Hamiltonian of the lowest subband, we choose sufficient envelope functions Ψ λαn as basis functions. For Si/SiGe (Ge/SiGe) QWs, the number of envelope functions containing Ψ λln and Ψ λsn is 4 (40) in total, and the number of envelope functions Ψ λhn is 2 (20) . The reason that more basis functions are needed for Ge/SiGe QWs comes from the fact that the couplings between the hole subbands are stronger than those in the Si/SiGe QWs (the Luttinger parameters in Ge are much larger than those in Si but under the strain the energy differences between hole subbands are comparable in Si/SiGe and Ge/SiGe QWs). According to Eqs. (4) and (12), the in-plane effective mass of LH0 subband in Si/SiGe QWs m (l) is calculated to be about 0.27m 0 in the whole electric field range under consideration, and that of the HH0 subband in Ge/SiGe QWs m (h) is 0.057m 0 . We plot the energy levels of four subbands in Si/SiGe QWs (the first and second LH subbands LH0 and LH1, the first HH subband HH0, and the first SO subband SO0) at Γ point in Fig. 2 (a) and the spin-orbit coupling coefficients of the LH0 subband in Si/SiGe QWs (Ξ, Π and Θ) and the HH0 subband in Ge/SiGe QWs (Λ) in Fig. 2(b) . As shown in Fig. 2(a) , a crossing between the LH1 and HH0 subbands appears at about E = 360 kV/cm and an anticrossing between the LH1 and SO0 subbands appears around E = 500 kV/cm, respectively. It is noted that notwithstanding the fact that our calculation goes to the infinitesimal electric field regime in Fig. 2 , only the results in the large electric field regime (i.e., E ≥ 50 kV/cm for QWs with well width ∼ 10 nm) are valid (the spin relaxation investigated later is also in the large electric field regime), as our model fails in the small electric field regime due to the disregard of the discontinuity in the Si/SiGe (Ge/SiGe) interface. In this work the temperature dependence of band parameters 2,39 is not taken into account, due to both the weak temperature dependence of band parameters and the negligible contribution from the conduction band. We also calculate the spin splitting for holes in Si/SiGe QWs with in-plane kinetic energy being k B T (T = 300 K) along the [100] (solid curve) and [110] (chain curve) direction in Fig. 3(a) Fig. 3(b) , where the solid (chain) curve and the dots (squares) are results from the perturbation and exact diagonalization methods, respectively with the lowest one (two) unperturbed subband (subbands) of each hole state considered. We find that when only the lowest unperturbed subband of each hole state is considered, the perturbation calculation and our exact diagonalization calculation yield almost the identical results [compare the solid curve and the dots in Fig. 3(b) ]. We also find that, as said above, when more unperturbed subbands of each hole state are accounted, the nondegenerate perturbation method may cause divergence in the spin-orbit coupling coefficients/spin splitting (a divergence near E = 500 kV/cm in the chain curve is observed). The divergence is caused by the degeneracy of the LH subband and the SO subband (refer to Appendix A for details), and disappears in the exact diagonalization calculation (see squares in the figure). Besides, the large discrepancy between the results with different number of unperturbed subbands included indicates that only considering the lowest subband of each hole state is inadequate for the convergence of calculation. As a result, the exact diagonalization calculation with sufficient unperturbed subbands of each hole state included is necessary.
III. HOLE SPIN RELAXATION
We perform the fully microscopic KSBE approach 16 to study the hole spin relaxation. The KSBEs constructed by the nonequilibrium Green function method read
in which ρ k represent the density matrices of holes. 
0 (z) for Ge/SiGe QWs. By numerically solving the KSBEs, one can obtain the time evolution of density matrices and then the spin relaxation time. In the calculation, the initial spin polarization of holes is set to be 5 %.
A. Hole spin relaxation in Si/SiGe QWs
We first study the spin relaxation of the lowest hole subband in Si/Si 0.7 Ge 0.3 QWs. E = 300 kV/cm unless otherwise specified. The LH0 holes have a distribution along the z-direction as shown in Fig. 1(a) 19 Similar peaks have also been predicted very recently in the temperature dependence of electron spin relaxation at a temperature in the range of (T e f /4, T e f /2) in intrinsic bulk GaAs 28 and at a temperature around the hole Fermi temperature T h f in impurity-free p-type GaAs QWs where the hole density is much higher than the electron density. 25 In fact, this feature appears in the electron spin relaxation of strong scattering system with the DP relaxation mechanism being dominant when the Coulomb scattering (either the intraband electron-electron or the interband electron-hole Coulomb scattering) is the main scattering. When the intraband electron-electron Coulomb scattering dominates, 18, 19, 28 the peak appears around the crossover from the degenerate to nondegenerate regime of electrons. When the interband Coulomb scattering dominates, the peak appears around the crossover from the degenerate to nondegenerate regime of holes in p-type systems. 25 It is known that in the strong scattering system, strengthening scattering can suppress the inhomogeneous broadening and tends to prolong the spin relaxation time within the DP relaxation mechanism, 16, 18, 25, 26, 27, 28 and that the Coulomb scattering rate has a T 2 dependence in the degenerate regime but a T −1 (T −3/2 ) dependence in the nondegenerate regime in the two (three)-dimensional carrier systems. 17, 41 Thus with the increase of T , the dominant Coulomb scattering tends to cause first an increase and then a decrease in the electron spin relaxation time. Meanwhile, the increase of inhomogeneous broadening with T tends to cause a monotonous decrease in the spin relaxation time and thus a shift of the peak in the τ -T curve towards the lower temperature. The magnitude of the latter effect depends on the form of the momentum dependence of the DP term. When the DP term mainly depends on the momentum linearly (cubically), the latter effect is moderate (strong). The above scenario also holds in the hole spin relaxation, such as the case considered here. The hole system in Si/SiGe QWs is in the strong scattering limit where the Coulomb scattering dominates (as discussed later) and the linear part of the Rashba term is more important, thus the peak in the τ -T curve is obvious near T h f . However, when the hole density is low enough and thus holes are in the nondegenerate regime throughout the temperature regime under consideration, the spin relaxation time decreases monotonously with temperature, as shown by the solid curve in Fig. 4 . ) dependence in the degenerate regime while an N h dependence in the nondegenerate regime in two (three)-dimensional systems. 17, 41 This is exactly the case, 25,28 as shown by Fig. 5 . Nevertheless, when the temperate is high enough and thus holes are in the nondegenerate regime throughout the density range under consideration, the spin relaxation time increases monotonously with density, as shown by the dotted curve in Fig. 5 .
In Fig. 6 the spin relaxation time against temperature with different impurity densities is plotted. It shows that adding impurities reduces spin relaxation rate. That is because the inhomogeneous broadening is suppressed by introducing hole-impurity scattering in the strong scattering limit. 16, 18, 26, 27, 28 With the increase of impurity density N i , the hole-impurity scattering, which is insensitive to T in low temperature regime, becomes important. Thus the peak in τ -T curve due to the Coulomb scattering becomes less pronounced or even disappears.
18,28
That is the reason why the peak is easier to be observed experimentally in high-mobility samples. 18, 19 It is also noted that the impurity scattering has marginal effect on spin relaxation near room temperature, which is understood by recalling that the impurity scattering rate decreases with carrier energy.
42
To understand the relative importance of different scatterings in spin relaxation, we calculate the spin relaxation time with different scatterings included and show its density dependence in Fig. 7 . T is taken to be 300 K. In Fig. 7(a) the impurity density N i = 0. The solid curve corresponds to the case with all the scatterings (the hole-hole Coulomb, hole-optical phonon and holeacoustic phonon scatterings) included. The dashed, dotted and chain curves correspond to the cases without the hole-optical phonon, hole-acoustic phonon and hole-hole Coulomb scattering, respectively. By comparing these four curves, one finds that: (i) Even with T = 300 K, the hole-hole Coulomb scattering plays a much more im- portant role than the hole-phonon scattering (in addition, similar calculations show that when T ≤ 200 K, the hole-phonon scattering can be completely ignored);
(ii) The acoustic phonon scattering plays a relatively more efficient role than the optical phonon scattering [that is because the optical phonon energy ω op is high (63 meV) while the hole Fermi energy is low due to the large in-plane effective mass (0.27m 0 )]. In fact, the hole system under consideration is in the strong scattering limit generally, but falls into the weak scattering limit when the hole-hole Coulomb scattering is removed artificially. (When T = 300 K here, the momentum relaxation time τ p due to the relatively stronger hole-acoustic phonon scattering is about 2.1 ps, while the mean spin precession rate 16, 18, 26 Ω (l) is about 0.52∼0.56 ps −1 with the change of hole density. Thus without the hole-hole Coulomb scattering, τ p Ω (l) 1, indicating the weak scattering limit.) This feature can be justified by comparing two groups of curves in Fig. 7(b) . One group with the hole-hole Coulomb scattering (the solid and dashed curves) indicates that adding a small amount of impurities helps increasing τ , corresponding to the strong scattering case, while the other group without the hole-hole Coulomb scattering (the chain and dotted curves) shows an inverse effect (i.e., a decrease in τ ) with adding quite a small amount of impurities, which typically happens in the weak scattering limit.
16,26
Finally, we investigate the electric field dependence of spin relaxation. The hole spin relaxation time τ against electric field E with different temperatures is plotted in Fig. 8 . For each temperature, we choose the appropriate range of electric field to ensure that the effect of second hole subband is irrelevant. It is shown that with the increase of electric field, the spin relaxation time is shortened due to the strengthened spin-orbit coupling. Besides, as a comparison to the features of spin relaxation with E = 300 kV/cm, we also present the hole density and temperature dependences of spin relaxation with E = 600 kV/cm in Fig. 9 . One finds that the peak in hole density/temperature dependence of the hole spin relaxation time (the dashed/solid curve in Fig. 9 ) due to the Coulomb scattering still exists. Moreover, the location of the peak remains almost the same despite the change of the gate voltage. This indicates that when the linear part of the Rashba term is important, the trend of variation of the hole spin relaxation time mainly associates with that of the Coulomb scattering strength around the crossover between the degenerate and nondegenerate regimes, whereas the increase of the inhomogeneous broadening with increasing temperature/hole density is moderate (even with the increase of the spin-orbit coupling coefficients by the larger gate voltage). 
B. Spin relaxation in Ge/SiGe QWs
The hole spin relaxation in Ge/Si 0.3 Ge 0.7 QWs is also investigated. The HH0 holes have a distribution along the z-direction as shown in Fig. 1(b) by the chain curve when the electric field is E = 300 kV/cm. In Fig. 10 the spin relaxation time τ against temperature T with electric field E = 300 kV/cm [at which 2 Λ = −6.06 meV nm 3 , as shown in Fig. 2(b) ] is plotted. It is shown that the hole spin relaxation time in Ge/SiGe QWs is much shorter than that in Si/SiGe QWs. That is because the inhomogeneous broadening in Ge/SiGe QWs is quite strong, as the spin-orbit interaction in Ge/SiGe QWs is relatively stronger (in consistence with the heavier Ge element) and the Rashba term depends on momentum cubically. Apart from the fast spin relaxation, a new phenomenon emerges -when the hole density is relatively high, not only a peak in τ -T curve is present, but also a valley before the peak is observed. Unlike the case in Si/SiGe QWs where the peak is close to the Fermi temperature (Fig. 4) , the peak here is located at a temperature about T h f /2 (e.g., T h f ≈ 170 K with density N h = 4 × 10 11 cm −2 ). As discussed previously about the spin relaxation in Si/SiGe QWs, the Coulomb scattering strength first increases and then decreases with increasing temperature (accompanying the crossover from the degenerate to nondegenerate regime), tending to cause a peak in the τ -T curve around the Fermi temperature in the strong scattering limit. However, the enhancement of inhomogeneous broadening with T is strong here as the Rashba term depends on momentum cubically (unlike the case in Si/SiGe QWs where the linear part of the Rashba term is important). Thus with both effects accounted, the shift of the peak towards a lower temperature is expected. By comparing the spin relaxation in high temperature regime of the three curves with N i = 0 in Fig. 10 , one finds that the spin relaxation time τ decreases with hole density N h monotonically, which is different from the case in Si/SiGe QWs (indicated by the dotted curve in Fig 5) . That is because the Rashba term here depends on the momentum cubically and the inhomogeneous broadening increases with density strongly with an N 3 h dependence. While the peak is associated with the crossover from the degenerate to nondegenerate regime, the valley in Fig. 10 is actually related to the crossover from the weak to strong scattering limit. When the temperature is low enough and the density is high, the hole system is highly degenerate (due to the high Fermi energy) and thus the dominant Coulomb scattering becomes very weak. The hole system then falls into the weak scattering limit. Therefore with the increase of temperature from the very low temperature, the strengthening of scattering reduces the spin relaxation time first, until the crossover to the strong scattering system, and then increases the spin relaxation time -this leads to a valley in the τ -T curve in the degenerate regime. The dotted curve in Fig. 10 stands for the case with the same hole density as the chain curve but with a small amount of impurities. It is observed again that introducing a weak impurity scattering in the weak (strong) scattering limit leads to a decrease (an increase) of the spin relaxation time.
16,26
The electric field dependence of spin relaxation is also investigated, with the hole spin relaxation time τ against electric field E under different temperatures plotted in Fig. 11 . It is shown that the spin relaxation time decreases with electric field slowly in the large electric field regime, corresponding to the marginal electric field dependence of the spin-orbit coupling strength in the large electric field regime [refer to the dotted curve in Fig. 2(b) ].
IV. CONCLUSION
In conclusion, we have investigated the hole spin relaxation in [001] strained asymmetric Si/Si 0.7 Ge 0.3 (Ge/Si 0.3 Ge 0.7 ) QWs with large gate voltage in this work. We focus on the situations with only the lowest hole subband being relevant. The effective Hamiltonian of the lowest hole subband is obtained by the subband Löwdin perturbation method in the framework of the six-band Luttinger k · p model, with sufficient basis functions included for the convergence of calculation. Due to the biaxial strain, the lowest subband in Si/SiGe QWs is a light hole-like state, while that in Ge/SiGe QWs is a heavy hole state.
We apply the fully microscopic KSBE approach to investigate the hole spin relaxation in Si/SiGe (Ge/SiGe) QWs. By means of this approach, all the relevant scatterings, such as the hole-phonon, hole-impurity and the hole-hole Coulomb scatterings can be taken into account explicitly. It is discovered that the hole-phonon scattering is very weak compared to the hole-hole Coulomb scattering, even at high temperatures. This makes the hole-hole Coulomb scattering to play a very important role in spin relaxation. It leads to a peak of spin relaxation time in both the temperature and carrier density dependences in Si/SiGe QWs. The peak is associated with the crossover from the degenerate to nondegenerate regime of hole system, and thus locates around the crossover point. However, the increase of inhomogeneous broadening with temperature/hole density tends to lead to a shift of the peak towards a lower temperature/hole density. The magnitude of the shift depends on the form of the momentum dependence of the Rashba term. For Si/SiGe (Ge/SiGe) QWs, the Rashba term mainly (only) depends on momentum linearly (cubically), and thus the shift of the peak is marginal (obvious). In addition, in contrast to the GaAs QWs where the peak in the temperature dependence of the electron spin relaxation can only be observed for high mobility samples with low carrier density, 18 the peak predicted in Si/SiGe (Ge/SiGe) QWs can be observed even at high carrier density, thanks to the weak hole-phonon scattering. The Coulomb scattering also leads to a valley at low temperature in the temperature dependence of hole spin relaxation time in Ge/SiGe QWs with high hole density, which is related to the crossover from the weak to strong scattering limit. The hole spin relaxation time can be effectively influenced by the hole-impurity scattering, tending to weaken the effect of Coulomb scattering mentioned above with the increase of impurity density. Apart from the abundant temperature and hole/impurity density dependences, the spin relaxation time decreases with the gate voltage, accompanying the increase of spin-orbit coupling strength.
The hole spin relaxation time, depending on the temperature, carrier/impurity density and gate voltage, is found to be on the order of 1∼100 ps (0.1∼10 ps) in Si/SiGe (Ge/SiGe) QWs within the scope of our investigation. These time scales are much shorter than the electron spin relaxation time in Si/SiGe QWs (on the order of 10 −7 ∼ 10 −5 s). 6, 7, 8 A hole spin relaxation time on the order of 0.1∼1 ps was theoretically reported in pdoped GaAs QWs (with temperature being 100∼300 K, hole density being 0.5 ∼ 4.5 × 10 11 cm −2 , impurity density being 0∼1 times hole density and gate voltage induced electric field being about 100 kV/cm) 26 and a hole spin relaxation time of 4 ps was experimentally observed in n-doped GaAs QWs (at 10 K). 43 Thus, generally, the hole spin relaxation time in Si/SiGe (Ge/SiGe) QWs is longer than (comparable with) the hole spin relaxation time in GaAs QWs. It should be pointed out at last that the strain in Si/SiGe (Ge/SiGe) QWs plays an important role in spin relaxation, as it shifts the energy levels of the light hole states away from the heavy hole ones. If the strain is removed (e.g., in SiO 2 /Si or SiO 2 /Ge inversion layer), the coupling between the light hole and heavy holea states are strengthened and the hole spin relaxation should be enhanced. 
It is noted that expressions (A6-A8) about the effective masses are valid for both the Si/SiGe QWs (with E ǫ > 0) and Ge/SiGe QWs (with E ǫ < 0), while those in Ref. dz 2 + E ξ + V (z)]χ nξ (z) = E nξ χ nξ (z) (ξ = 1, 2). In this paper, the term "unperturbed subbands" mentioned in the discussion of perturbation (exact diagonalization) method actually means the eigen-states of H (ls) 0D , i.e., the states with energy levels being E n1,2 and wavefunctions being Eq. (A9).
To the first order of H
0O , the perturbed eigen-values are E
(1) n = E n1 and E (2) n = E n2 , and the corresponding perturbed eigen-functions are
and n ′ w n ′ 1n2 En2−E n ′ 1 χ n ′ 1 (z)
It is noted that the nondegenerate perturbation method is valid when only the two subbands with energy E 01 and E 02 (i.e., the lowest unperturbed subbands corresponding to the LH-like and SO-like hole states respectively) are accounted. Otherwise, when more subbands are included, the divergence may occur in the calculation if two energy levels E n1 and E n ′ 2 are close to each other, as there are terms proportional to 1 En1−E n ′ 2 in the envelope functions Ψ λxn (z) (x = l and s) [refer to Eqs. (A12-A13) ]. This divergence goes to the spinorbit coupling coefficients Π and Λ, and finally the spin splitting.
For the sake of convergence of the envelope functions and thus the spin-orbit coupling coefficients and spin splitting, sufficient subbands have to be considered. Thus, instead of the nondegenerate perturbation method, we apply the exact diagonalization method to obtain the eigen-states of H (ls) 0 , with sufficient basis functions constructed by the two sets of functions in Eq. (A9) [2 (20) of each set for Si/SiGe (Ge/SiGe) QWs].
